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Analytical investigation of two-step adsorption kinetics on surface
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Abstract

Analytical equations of two-step adsorption kinetics on surface have been derived. Moreover, computer simulations have been
to interpret various experimental adsorption kinetics previously reported. In the first case, molecules are further adsorbed from
onto a layer consisting of previously adsorbed molecules. This model was applied to the adsorption kinetics of hexadecyltrimethyla
chloride (C16TAC) on a self-assembled monolayer (SAM) of 3-mercaptopropionic acid (T. Imae, H. Torii, J. Phys. Chem. B 104 (2000
The second case is that some of the initially adsorbed molecules are released from the adlayer with further time course. The ad
C16TAC on 1-dodecanethiol SAM (T. Imae, T. Takeshita, K. Yahagi, Stud. Surf. Sci. Catal. 132 (2001) 477) agrees with this mechan
strict mathematical developments presented in this work are demanded to specify the physical meaning of observed non-Langmuir
kinetics, consisting of the two exponential terms.
 2003 Elsevier Inc. All rights reserved.

Keywords: Two-step adsorption kinetics; Langmuir adsorption kinetics; Hexadecyltrimethylammonium chloride; 3-Mercaptopropionic acid;
1-Dodecanethiol; Self-assembled monolayer
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1. Introduction

The recent development of analytical methodolog
techniques allows quantitatively investigation of the adso
tion kinetics of tiny numbers of molecules. Ellipsome
[1–6], quartz crystal microbalance (QCM) [7–13], surfa
plasmon resonance (SPR) spectroscopy [14–23], reflec
etry [24,25], atomic force microscopy [26,27], temperatu
programmed desorption spectroscopy [28], potentiostat [
attenuated total reflection (ATR)-infrared absorption sp
troscopy [30], and ATR-surface enhanced infrared abs
tion (SEIRA) spectroscopy [23,31] have been used for
investigation of the adsorption kinetics of molecules on s
strates [1–4,6–11,13,14,21,22,24–31] and on self-assem
monolayers (SAM) [5,10,12,15–20,23,31].

Various adsorption models have been developed to
lyze the observed kinetics. From these studies, it has
shown that simple Langmuir (monolayer) adsorption kin
ics interprets the formation of thiol SAMs on metals [2,7–
11,31]. However, profiles of some other experimental kin
ics do not obey the simple Langmuir adsorption equat
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E-mail address: imae@nano.chem.nagoya-u.ac.jp (T. Imae).
0021-9797/$ – see front matter 2003 Elsevier Inc. All rights reserved.
doi:10.1016/S0021-9797(03)00314-X
-

d

Adsorption by a two-step process has been reported fo
formation of thiol SAM [1,9,26]. The process proceeds
initial fast adsorption and a subsequent slow step. Hu
Bard [26] have explained this process by the repulsive in
action between adsorbed ionic thiols. Garg et al. [3], Xu
al. [27], and Lavrich et al. [28] have suggested the transi
from physisorption to chemisorption for thiol on gold su
faces. Peterlinz and Georgiadis [14] have reported thiol
sorption, which was described by a series of up to three s
of distinct kinetics. They analyzed this kinetics on the ba
of the diffusion-limited first-order Langmuir model and t
second-order non-diffusion-limited model.

The kinetics profiles of molecular adsorption have a
been discussed for other systems than SAM format
Takada et al. [29] have reported that dendrimer ads
tion onto Pt electrode obeys Langmuir adsorption kinet
Schouten et al. [17] have modeled the kinetics of DNA
sorption on cationic lipids using the Langmuir equati
In this case, it was argued that the adsorption kinetic
molecules on SAM strongly depends on the SAM com
sition [15,17] and is affected by additional effects [16]. O
the other hand, for the adsorption process of glucosyl
poly(phenylisocyanide) on hydrophilic surfaces, Haseg
et al. [12] have reported that the initial rapid decrease

http://www.elsevier.com/locate/jcis
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the QCM frequency was gradually converted to a s
monotonic decrease. They applied an analytical kine
equation with a first term corresponding to first-layer adso
tion and a second term due to subsequent multiadsorp
This is in contrast to a case reported for poly(glycostyre
adsorbed on hydrophobic surfaces, which was interpr
according to Langmuir kinetics without multilayers [10].

One of the present authors (T.I.) and her collabo
tors [23,31] have investigated the adsorption kinetics
hexadecyltrimethylammonium chloride (C16TAC) on thiol
SAM. It was concluded that the adsorption of C16TAC on
hydrophilic 3-mercapto-1-propanol SAM proceeds acco
ing to the Langmuir equation [23]. On the other hand,
adsorption of C16TAC on hydrophilic 3-mercaptopropion
acid (MPA) SAM has fast adsorption at early stages and s
adsorption at later times [31]. The transition of carboxy
acid to carboxylate was proved by ATR-SEIRA sp
troscopy, indicating the formation of ion-pairs of C16TAC
with MPA SAM by electrostatic interaction. In this cas
a second adsorption layer of C16TAC must be considered
since the hydrophobic first adsorption layer faces the b
water. This is the origin of the two-step mechanism in
case of C16TAC adsorption on MPA SAM. In contras
the adsorption of C16TAC on hydrophobic 1-dodecanethi
SAM at C16TAC concentrations below the critical micel
concentration displays initial excess adsorption amount.
cess adsorbed molecules are desorbed and rearrang
monolayer adsorption state [23]. Although these adsorp
mechanisms were qualitatively explained, they could no
quantitatively interpreted by the available kinetics equatio

In the current paper, we derive new analytical equat
for two-step adsorption kinetics and apply them to the an
sis of the observed kinetics reported before [23,31]. Two
sorption mechanisms are considered: one where mole
form a monolayer and adsorb on the monolayer, and
where excess molecules adsorbed at an early stage a
leased to form a monolayer. The analytical curves of
kinetics were calculated, and computer simulations were
ried out to interpret the experimental data of C16TAC adsorp-
tion on SAMs.

2. Adsorption kinetics

2.1. Langmuir monolayer adsorption kinetics

We suppose that all adsorption sites S are equivalen
independent of the occupation of neighboring sites in
Langmuir monolayer adsorption of an adsorbate A, wh
is expressed by

(2.1)A + S
ka�
kd

A–S.

The rate at which surface coverage changes during the
sorption and desorption processes depends on the co
tration C of the adsorbate A in the solution and the nu
bers of occupied and nonoccupied adsorption sites,N1 and
.

to

s

-

-
-

(N − N1), respectively, whereN is the total number of ad
sorption sites. Ifka andkd are the intrinsic rate constants
adsorption and desorption, respectively, the rate equati
a finite timet is described by

(2.2)
dN1

dt
= kaC(N −N1)− kdN1.

After integration,

(2.3)
N1

N
= I

{
1− exp(−kobst)

}
where

(2.4)I = kaC

kobs
,

(2.5)kobs= kaC + kd.

Relations (2.3)–(2.5) correspond to the well-known La
muir adsorption kinetics equation [8].

2.2. Two-step adsorption kinetics

2.2.1. Formation of monolayer and additional adsorption
on it

We assume that a first layer is formed on the adsorp
sites S, and, in turn, a second layer is piled up on the
layer, as illustrated in Fig. 1. Thus, the adsorption reac
of adsorbate A is described by

(2.6)A + S
ka�
kd

A–S,

(2.7)A + A–S
k′
a�
k′
d

AA–S.

If N is the total number of adsorption sites, andN1 and
N2 are the numbers of adsorption sites occupied in the
and second layers, respectively, thenN � N1 � N2. If the
rate constants of adsorption and desorption of the first l

Fig. 1. Schematic representation of adsorption mechanism consisting
first and second adlayers.N , total number of adsorption sites;N1, number
of occupied sites at first layer;N2, number of occupied sites at second lay



H. Nagaoka, T. Imae / Journal of Colloid and Interface Science 264 (2003) 335–342 337

e-

pa-

nsis-

ics

n
ly

on-
he

d
tics
r, in
rlier

ini-
m a
qui-
g the
his
are denoted byka and kd , respectively, and those corr
sponding to the second layer are denoted byk′

a andk′
d , the

rate equations for an adsorbate concentrationC can be writ-
ten as

(2.8)

dN1

dt
= kaC(N −N1)− kd(N1 −N2)

= kaCN − (kaC + kd)N1 + kdN2,

(2.9)

dN2

dt
= k′

aC(N1 −N2)− k′
dN2

= k′
aCN1 − (k′

aC + k′
d)N2.

Integrating for the initial conditionN1,0 = N2,0 = 0 at
t = 0,

(2.10)

N1

N
= γ δ

k1,obsk2,obs
+ δ

k1,obs− k2,obs

×
{
γ − k1,obs

k1,obs
exp(−k1,obst)

− γ − k2,obs

k2,obs
exp(−k2,obst)

}
,

(2.11)

N2

N
= δδ′

k1,obsk2,obs
+ δ

k1,obs− k2,obs

×
{

δ′

k1,obs
exp(−k1,obst)− δ′

k2,obs
exp(−k2,obst)

}

(see Appendix A and B), and

N1 +N2

N
= I1

{
1− exp(−k1,obst)

}
(2.12)+ I2

{
1− exp(−k2,obst)

}
,

where

I1 = −δ

k1,obs− k2,obs

γ + δ′ − k1,obs

k1,obs
,

I2 = δ

k1,obs− k2,obs

γ + δ′ − k2,obs

k2,obs
,

k1,obs= α +
√
α2 − β2,

(2.13)k2,obs= α −
√
α2 − β2,

and

2α = kaC + kd + k′
aC + k′

d,

β2 = kak
′
aC

2 + kak
′
dC + kdk

′
d,

γ = k′
aC + k′

d,

δ = kaC,

(2.14)δ′ = k′
aC.

According to Eqs. (2.10) and (2.11), ifk′
a → 0 and

k′
d → 0 (Langmuir adsorption),

(2.15)
N1 = kaC [

1− exp
{−(kaC + kd)t

}]

N kaC + kd
Fig. 2. A model calculation of the mechanism in Fig. 1 using the
rameterska = 0.01 M−1 s−1, kd = 0.05 s−1, k′

a = 0.005 M−1 s−1,
k′
d = 0.004 s−1, andC = 10 M. (!) N1/N ; (1) N2/N ; (P) (N1 +N2)/N .

and

(2.16)
N2

N
= 0.

It can be seen that the relations (2.15) and (2.16) are co
tent with Eq. (2.3) derived for the Langmuir adsorption.

Figure 2 shows a profile of the adsorption kinet
computed from Eqs. (2.10)–(2.12) with parameterska =
0.01 M−1 s−1, kd = 0.05 s−1, k′

a = 0.005 M−1 s−1, k′
d =

0.004 s−1, andC = 10 M. While the first layer adsorptio
provided by the parameterN1/N is saturated at an ear
stage of the adsorption, the second layer adsorption (N2/N )
increases gradually with adsorption time. Therefore, the c
tribution of the first layer adsorption occurs mainly at t
initial steep increase in the total coverage ((N1 +N2)/N ) in
which the second layer adsorption is slow. Even ifka is in-
creased one order of magnitude andk′

a andk′
d are decrease

by the same amount, the common profile of the kine
curve is maintained, as can be seen in Fig. 3. Howeve
this case, the first layer adsorption is achieved at an ea
adsorption time than in the case in Fig. 2.

2.2.2. Desorption and rearrangement of molecules
in the adlayer

We assume that many molecules are adsorbed at an
tial stage and that they can then be rearranged to for
monolayer. Since a monolayer can be formed in the e
librium state, excess molecules must be desorbed durin
rearrangement to the monolayer, as illustrated in Fig. 4. T
mechanism can be written as

(2.17)nA + S
ka�nAp–S,

kd
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Fig. 3. A model calculation of the mechanism in Fig. 1 using the p
meterska = 0.1 M−1 s−1, kd = 0.05 s−1, k′

a = 0.0005 M−1 s−1, k′
d =

0.0001 s−1, andC = 10 M. (!) N1/N ; (1) N2/N ; (P) (N1 +N2)/N .

Fig. 4. Schematic representation of the mechanism transferring from e
adsorption to monolayer adsorption.N , total number of adsorption site
Np , number of sites occupied by excess adsorption;Nc , number of sites
occupied by monolayer adsorption.

(2.18)nAp–S
kt→ Ac–S+ (n− 1)A,

where A represents the adsorbate andn is the hypothetica
member of adsorbates per adsorption site S. Ap represents
the initially adsorbed species and Ac is a species rearrange
into monolayer. Ifka and kd denote the rate constants
Eq. (2.17) for adsorption and desorption, respectively,
kt is the rate constant of Eq. (2.18), then the adsorption
equations at a timet can be deduced for an arbitrary ads
bate concentrationC as

dNp

dt
= kaC

{
N − (Np +Nc)

} − kdNp − ktNp

(2.19)= kaCN − (kaC + kd + kt )Np − kaCNc
and

(2.20)
dNc

dt
= ktNp,

whereN is the total number of adsorption sites, andNp

andNc are the number of occupied sites initially and in
monolayer, respectively. Eqs. (2.19) and (2.20) were i
grated by means of a procedure similar to the integratio
Eqs. (2.8) and (2.9). Then

(2.21)

Np

N
= −η

k′
1,obs− k′

2,obs

{
exp(−k′

1,obst)− exp(−k′
2,obst)

}
,

(2.22)

Nc

N
= −η

k′
1,obs− k′

2,obs

[
η′

k′
1,obs

{
1− exp(−k′

1,obst)
}

− η′

k′
2,obs

{
1− exp(−k′

2,obst)
}]
,

and

nNp +Nc

N
= I ′

1

{
1− exp(−k′

1,obst)
}

(2.23)+ I ′
2

{
1− exp(−k′

2,obst)
}
,

where

I ′
1 = −η

k′
1,obs− k′

2,obs

η′ − nk′
1,obs

k′
1,obs

,

I ′
2 = η

k′
1,obs− k′

2,obs

η′ − nk′
2,obs

k′
2,obs

,

k′
1,obs= ε +

√
ε2 − φ2,

(2.24)k′
2,obs= ε −

√
ε2 − φ2,

and

2ε = kaC + kd + kt , φ2 = kaktC,

(2.25)η = kaC, η′ = kt .

The coverage was calculated from Eqs. (2.21)–(2.23
using the parameterska = 0.5 M−1 s−1, kd = 0.1 s−1, kt =
0.05 s−1, C = 1 M, andn = 1 to 2. As seen in Fig. 5, th
coverage at the initial adsorption step increases sharp
the initial stage of adsorption but they decreases with
rearrangement into monolayer. For an initial adsorptio
n = 1, the total surface coverage displays initial sharp
crease and gradual increase. The profile of total cove
changes with the value ofn and shows a maximum at th
initial adsorption stage and a decrease at long times for
n values (n > 1.2). These results clearly indicate that the
sorption profile changes depending on the contribution o
initial adlayer.

3. C16TAC adsorption on SAMs

The adsorption kinetics of C16TAC from a 0.1 wt% solu-
tion on MPA SAM has been investigated by ATR SEIR



H. Nagaoka, T. Imae / Journal of Colloid and Interface Science 264 (2003) 335–342 339

ters

e of

hin

M,
-
ase
tion

as

rve

ge is
one
ad-
6

ono-

anc

d
-
m-

from
ism,

;
nism

to
of

n-
yer,

ular
by
in

nge-

ium
e

es
ofile
yer,
ules

ver-

ne.
e

Fig. 5. A model calculation of the mechanism in Fig. 4 using the parame
ka = 0.5 M−1 s−1, kd = 0.1 s−1, kt = 0.05 s−1, C = 1 M, andn= 1 to 2.
(!) Np/N ; (1) Nc/N ; (P) (nNp +Nc)/N .

spectroscopy [31]. It was observed on the time cours
adsorption of C16TAC that the intensity of the CH2 antisym-
metric stretching vibration band increased sharply wit
20 s and then gradually up to∼800 s. Since the C16TA
cation makes an ion-pair with the deprotonated MPA SA
the adsorption of C16TAC on MPA SAM must be fundamen
tally monolayer adsorption. However, the intensity incre
cannot be explained by the Langmuir monolayer adsorp
kinetics equation, as seen in Fig. 6, where the equation

(3.1)Iint = Iint,∞
{
1− exp(−kobst)

}
with the parametersIint,∞ = 0.0072 andkobs = 0.14 s−1

was used instead of Eq. (2.3).Iint is the observed SEIRA
intensity andIint,∞ is the intensity att = ∞. Then, addi-
tional adsorption of C16TAC onto the C16TAC monolayer on
MPA SAM was considered. The computer simulation w
performed using an equation analogous to Eq. (2.12):

Iint = Iint,1
{
1− exp(−k1,obst)

}
(3.2)+ Iint,2

{
1− exp(−k2,obst)

}
.

As shown in Fig. 6, good agreement with the observed cu
was obtained for the parametersIint,1 = −0.0023,k1,obs=
0.0047 s−1, Iint,2 = 0.0054, andk2,obs= 0.50 s−1. Assum-
ing that the amount adsorbed at the monolayer covera
close to the transition point from sharp increase to slow
in the intensity, as it is the case shown in Fig. 3, the total
sorption amount of C16TAC that can be deduced from Fig.
is 1.37 times more than the adsorption amount at the m
layer coverage.

It was observed by SPR spectroscopy that the reson
angle shift profile for a 0.1 wt% solution of C16TAC on MPA
e

Fig. 6. Intensity increase of a CH2 antisymmetric stretching vibration ban
as a function of adsorption time for C16TAC adsorption from an aque
ous 0.1 wt% solution on MPA SAM [31] and the corresponding co
puter simulation. Open circle, obs; broken line, the curve calculated
Eq. (3.1), on the basis of the Langmuir monolayer adsorption mechan
with Iint = 0.0072 andkobs = 0.14 s−1 (correlation coefficient 0.508)
solid line, the curve calculated from Eq. (3.2), on the basis of the mecha
in Fig. 1, withIint,1 = −0.0023,k1,obs= 0.0047 s−1, Iint,2 = 0.0054, and
k2,obs= 0.50 s−1 (correlation coefficient 0.991).

SAM reached a constant value (∼0.025◦) at the equilibrium
state [32]. The adsorption thickness of C16TAC calculated
from the shift value was 2.3 nm. This thickness is close
or slightly smaller than the calculated molecular length
C16TAC with the extended alkyl chain [33]. Thus, in co
trast to the assumed additional adsorption on the monola
the consistency of the adlayer thickness with the molec
length indicates the formation of the interdigited structure
C16TAC molecules adsorbed on MPA SAM, as illustrated
Fig. 7. This adsorption scheme is reasonable, if the arra
ment of MPA molecules in SAM is not compact.

In situ adsorption of C16TAC on 1-dodecanethiol SAM
has been examined by SPR spectroscopy [23]. At med
concentrations such as (0.5–10)×10−3 wt%, the resonanc
angle shift displays a maximum at early adsorption tim
and reaches a constant value after longer times. This pr
cannot be explained by additional adsorption on monola
but indicates the rearrangement and desorption of molec
initially adsorbed.

The computer-simulated curve, based on a modified
sion of Eq. (2.23),

I ′
�angle= I ′

�angle,1

{
1− exp(−k′

1,obst)
}

(3.3)+ I ′
�angle,2

{
1− exp(−k′

2,obst)
}
,

is shown in Fig. 8, and it is compared with the observed o
In Eq. (3.3),I ′

�angle is the SPR reflection angle shift. Th
optimum parameters of the fitting wereI ′ = 0.023◦,
�angle,1
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Fig. 7. Model of C16TAC adsorption on MPA SAM.

Fig. 8. SPR reflectance angle shift as a function of adsorption time
C16TAC adsorption from an aqueous 0.005 wt% solution on 1-do
canethiol SAM [23] and the corresponding computer simulation. G
line, obs; black line, the curve calculated from Eq. (3.3), on the bas
the mechanism in Fig. 4, withI ′

�angle,1 = 0.023◦ , k′
1,obs= 0.00029 s−1,

I ′
�angle,2 = 0.077◦ , andk′

2,obs= 0.006 s−1 (correlation coefficient 0.972)

k′
1,obs = 0.00029 s−1, I ′

�angle,2 = 0.077◦, and k′
2,obs =

0.006 s−1.
The agreement of the fitting indicates that on a hydrop

bic SAM, such as 1-dodecanethiol SAM, excess C16TAC
molecules are easy to adsorb at the early stage. How
the excess molecules rearrange to be a monolayer b
hydrophobic interaction with SAM, as illustrated in Fig.
This is the reasonable adsorption process observed for
phiphilic molecules on hydrophobic substrates, since
resultant hydrophilic surface faces the bulk solution at
equilibrium state of the adsorption.
,
e

-

Fig. 9. Model of C16TAC adsorption on 1-dodecanethiol SAM.

4. Conclusions

In the present work, new kinetics equations were der
for two kinds of adsorption mechanisms. On the first me
anism, the surface coverage by the adsorbed molecule
creases relatively rapid at early stage due to the forma
of first adlayer and then gradually at longer time scale
the formation of the second adlayer. The total coverage
pends on the degree of the contribution of two adsorp
processes. On the other hand, on the second mecha
the maximum coverage happens by the excess adsorpt
the early stage. The excess molecules are desorbed
long time scale, accompanying with the rearrangemen
the monolayer. It has been shown that, for the adsorptio
the cationic surfactant, C16TAC, the adsorption kinetics o
anionic and hydrophobic SAMs obeys the former and
ter mechanisms, respectively. Computer-simulated cu
obtained on the basis of the assumed mechanisms, sat
torily reproduced the observed ones.

Some adsorption kinetics reported in the literature d
not obey the Langmuir adsorption kinetics. The equat
derived in the present paper could be applied to some of
cases with a reasonable physical background and a q
titative analysis of the adsorption curves. Observed n
Langmuir adsorption kinetics are almost noncontradic
to the two exponential equations. However, one must k
that the physical meaning of the two exponential terms
pends on the estimated adsorption mechanism. Thus
strict mathematical developments presented in this work
demanded to specify the physical meaning of the kin
parameters. Recent development of methodology for ads
tion kinetics will bring more complicated data, especially
non-Langmuir adsorption kinetics, and impose more qua
tative and strict analyses of the kinetic data.

Appendix A

The Laplace transformation of differential calculus is

L
[
f ′(t)

] =
∞∫
f ′(t)e−pt dt
0
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ing

s

ed
= [
f (t)e−pt

]∞
0 + p

∞∫
0

f (t)e−pt dt

(A.1)= pL
[
f (t)

] − f (0).

The linearity of Laplace transformation forf (t) =
f1(t)+ f2(t)+ · · · + fn(t) is given as

L
[
f (t)

] =
∞∫

0

[
f1(t)+ f2(t)+ · · · + fn(t)

]
e−pt dt

=
∞∫

0

f1(t)e
−pt dt +

∞∫
0

f2(t)e
−pt dt + · · ·

+
∞∫

0

fn(t)e
−pt dt

(A.2)= L
[
f1(t)

] +L
[
f2(t)

] + · · · +L
[
fn(t)

]
.

The formula of Laplace transformation is

(A.3)L[1] =
∞∫

0

e−pt dt = 1

p
,

(A.4)L−1
[

1

p

]
=

{
0 (t < 0),
1 (t � 0),

(A.5)L−1
[

1

p2

]
= t,

L−1
[

p

p2 + 2ap + b2

]

= 1

2
√
a2 − b2

[(
a +

√
a2 − b2

)
exp

{−(
a +

√
a2 − b2

)
t
}

(A.6)− (
a −

√
a2 − b2

)
exp

{−(
a −

√
a2 − b2

)
t
}]
.

The Laplace retransformation of the product is

L−1[F(p)G(p)
] =

t∫
0

f (t − τ )g(τ ) dτ .

Here

(A.7)L−1[F(p)] = f (t) and L−1[G(p)
] = g(t).

Appendix B

If Eqs. (2.8) and (2.9) are Laplace transformed us
Eqs. (A.1)–(A.3) and the initial condition is imposed,

(B.1)pL[N1] = kaCN

p
− (kaC + kd)L[N1] + kdL[N2],

(B.2)pL[N2] = k′
aCL[N1] − (k′

aC + k′
d)L[N2].

ThenL[N1] calculated from Eqs. (B.1) and (B.2) is

L[N1] = kaCN(p+k′
aC+k′

d )

p{p2+(kaC+kd+k′
aC+k′

d)p+kak′
aC

2+kak
′
dC+kdk

′
d } .
(B.3)
From the definitions given in (2.14), Eq. (B.3) becomes

L[N1] = δ(p + γ )N

p(p2 + 2αp + β2)

(B.4)=
(
δ

p
+ δγ

p2

)(
p

p2 + 2αp + β2

)
N.

Define that

(B.5)F(p) ≡
(
δ

p
+ δγ

p2

)
N,

(B.6)G(p) ≡
(

p

p2 + 2αp + β2

)
,

and assume thatf (t) andg(t) are Laplace retransformation
of F(p) andG(p), respectively. Then

(B.7)f (t) = (δ + δγ t)N

and

g(t) = 1

2
√
α2 − β2

×
[(
α +

√
α2 − β2

)
exp

{−(
α +

√
α2 − β2

)
t
}

(B.8)

− (
α −

√
α2 − β2

)
exp

{−(
α −

√
α2 − β2

)
t
}]

from Eqs. (A.4)–(A.6). IfX = α + √
α2 − β2 andY = α −√

α2 − β2, Eq. (B.8) is replaced by

(B.9)g(t) = 1

X − Y

[
X exp(−Xt)− Y exp(−Y t)

]
.

If the Laplace retransformation of Eq. (B.4) is perform
using Eq. (A.7),

L−1[F(p)G(p)
] =

t∫
0

δ
{
1+ γ (t − τ )

}

×
[

1

X − Y

{
X exp(−Xτ)− Y exp(−Yτ)

}]
N dτ

= δN

X − Y

[
(1+ γ t)

×
{
X

t∫
0

exp(−Xτ)dτ − Y

t∫
0

exp(−Yτ) dτ

}

(B.10)

− γ

{
X

t∫
0

τ exp(−Xτ)dτ − Y

t∫
0

τ exp(−Yτ) dτ

}]
.

Now

X

t∫
0

exp(−Xτ)dτ − Y

t∫
0

exp(−Yτ) dτ

=X

[
− 1

X
exp(−Xτ)

]t
0
− Y

[
− 1

Y
exp(−Yτ)

]t
0

(B.11)= −exp(−Xt)+ exp(−Y t)
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.G.

4)

16

no,

ull.

le-

.J.

es,

ir 16

r 16

id

01)

em.

hem.

15
and

X

t∫
0

τ exp(−Xτ)dτ − Y

t∫
0

τ exp(−Yτ) dτ

=X

[
−exp(−Xτ)

X2
(Xτ + 1)

]t
0

− Y

[
−exp(−Yτ)

Y 2 (Y τ + 1)

]t
0

= −t
{
exp(−Xt)− exp(−Y t)

}
(B.12)− 1

X
exp(−Xt)+ 1

Y
exp(−Y t)+ 1

X
− 1

Y
.

If Eqs. (B.11) and (B.12) are substituted into Eq. (B.10),

L−1[F(p)G(p)
]

= δN

X − Y

[
(1+ γ t)

{−exp(−Xt)+ exp(−Y t)
}

− γ

{
−t

{
exp(−Xt)− exp(−Y t)

}
− 1

X
exp(−Xt)+ 1

Y
exp(−Y t)+ 1

X
− 1

Y

}]

= δN

X − Y

[
X − Y

XY
γ + γ −X

X
exp(−Xt)

(B.13)− γ − Y

Y
exp(−Y t)

]
.

Finally,

N1 = γ δN

XY
+ δN

X − Y

{
γ −X

X
exp(−Xt)

(B.14)− γ − Y

Y
exp(−Y t)

}
.

On the other hand, from Eq. (B.2),

(B.15)L[N2] = k′
aC

p + k′
aC + k′

d

L[N1] = δ′

p + γ
L[N1].

When Eq. (B.4) is substituted into Eq. (B.15),

(B.16)L[N2] = δδ′N
p(p2 + 2αp + β2)

.

After the Laplace retransformation of Eq. (B.16),

(B.17)

N2 = δδ′N
XY

+ δδ′N
X − Y

{
1

X
exp(−Xt)− 1

Y
exp(−Y t)

}
.
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